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Abstract

Effectsof deepconvectionon theprecipitationrate � leadingto variationsin radarmete-

orological � –� relationsarestudied. The basiccontributions to this subjectcomefrom

vertical and horizontalair motionsaswell asdecreasingair densitywith height. Their

influenceon � –� relationsis investigatedbothwith ananalyticalapproachfrom cloudmi-

crophysicsdistiguishingbetweentwo characteristicspectralforms,anda mesoscalebulk

modelcasestudyof a singlecumulonimbus cloud. The precipitationrateis stronglyaf-

fectedby deepconvective motionsleadingto increasedmeanvalueandstandarddeviation

of theprefactor � in � –� relations�����	��
 . To alesserextent,densitystratificationtends

to diminishtheprefactor. Theexponent� which can,without deepconvection,vary from����
 to ��������� dependingon characteristicspectralform, remainsunaffectedby any of

thedynamicaleffectsstudiedhere.Valuesof � canonly bealteredby suchchangesof the

particlespectrawhich affect the distribution of terminalvelocity with hydrometeorsize:

in practicethis impliesphasechangesor variationsin compositionof themixed–typehy-

drometeorensemble.In spiteof thevariationsin � –� relationsfoundin thepresentstudy,

whenperforminganaverageover thewholecloudandprecipitationvolume, standard� –�
relationsproposedfor stagnantair still hold in a statisticalsense.Furthermoretheeffects

of vertical air densitygradientscanbe compensated,which shouldalsohelp to improve

quantitative rainfall estimatesat largerangesfrom theradarsite.

Keywords: Cloudmicrophysics;Convection; � –� relation�
Presentaffiliation: DLR–Institutfür PhysikderAtmosphäre,Oberpfaffenhofen,D–82234Wessling,Germany.

eMail: nikolai.dotzek@dlr.de

1



1 Intr oduction

In hydrologicalapplicationsradardataaremostlyevaluatedto deriverainrates� at theground

from radarreflectivity � aloft. By definition � resemblesthescatteringpropertiesof anensemble

of hydrometeors.In the Rayleighlimit � is proportionalto the sixth momentof the particle

numberdensitydistribution ������� , where � denotesparticlediameter(e.g. Doviak & Zrnić,

1993).It canbecomputedas:� �"! #$&%('*)+' ,.- / with - � 01 2 �������3�54�67� 8
Thus,for constantwavelength

$
, variationsin � canresultfrom i) differenthydrometeortypes

(i. e. phasechanges)affectingthedielectricfactor ' )+' , andii) variationsin thenumberdensity

distribution ������� affectingtheradarreflectivity factor - , or both. In general,� maychangein

timeandspacewith aneffectivity dependingonseveraldynamicalandespeciallymicrophysical

factors.

The precipitationrate � , definedasvertical massflux densityof hydrometeorswith bulk

density9;: , i. e. ��� ! < 9;: 01 2 �������3�>=@?BAC67� /
is, as - , subjectto certainvariationsin ������� , but moreoverdependsonaneffectivesedimenta-

tion velocity ?BA thatis in detail:?BAD�E� / ? / 9F���G?IHI?�JK��� / 9F�.�L?IHNMO��9F�(?�JQP 2R2 �E��� 8 (1)

Here ? denotesambientair verticalvelocity, ?�JQP 2R2 �E��� is terminalvelocity of hydrometeorsat

sealevel conditions,anddependenceof air densityis givenby MO��9F� . Variationsof � , therefore,

mayresultfrom upanddowndraftsaswell asfrom verticaldensitygradients(Foote& duToit,

1969;Kessler,1969).Evidently, therain ratefor agivenvalueof - changesin spaceandtime,

andnounique- –� relationexistsin general.Also, if � at theground(where?L�LS ) is derived

from - measuredby low–elevation radarscansthe problemariseshow to relate - in a few

kilometersabove radarto an instantaneousrain rateat (or below) theradarlevel. Evenin this

caseverticaldraftsandtheprofile of thehorizontalwind may introduceconsiderableerror to

thisnon–localapproach.
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Althoughthis issuehadbeenraisedpreviously(e.g. Battan,1976;Zawadzki,1984;Austin,

1987;Atlas et al., 1995;Yuter & Houze,1997),to the authors’knowledgeit hasnever been

quantifiedby computingthe - –� relationfrom the spectra�O�E��� . Our paperaimsto give an

exampleof suchquantificationby meansof analyticalcalculationsandacloud–scalenumerical

casestudyof a convective shower cloud. Thereinwe will address- –� relationshipslocally

within the cloud andits precipitationshaft. By giving up the non–localapproachto relate �
at the groundto - somewherealoft we are in the positionto studyboth the effectsof deep

convectionandverticaldensitygradientson � and,hence,on - –� . It will beclarifiedT if in conditionsof strongconvectionother - –� relationsthanthe commonlyaccepted

formulasshouldbeapplied,T to whatextent thespatio–temporalvariationsin - –� relationsreportedin the literature

canbeattributedto theinfluenceof deepconvectivemotions.

So the problemis tackledanalytically in Sec.2: after specificationof hydrometeorspectra

by U –typedistribution functionsfor eachclassof particles,their radarreflectivity factor - is

derivedasa functionof hydrometeorcontent9WV perunit volume.Herein, V is thespecifichy-

drometeorcontent(lateronwe will useindex X for rain, Y for cloudwater, and Z for cloudice).

Thensimilar expressionsfor the precipitationrate � aregiven. The - –� relationsfollowing

from aneliminationof 9WV arethensubjectedto variationsof � causedby changingair density

andvertical motions. The choiceof 9WV asa main variableis motivatedby the fact that, fol-

lowing Kessler(1969),in mostcloud–scalemodels,9WV is theonly quantityto accountfor the

presenceof hydrometeors.In Sec.3, sucha modelstudyis presented.High resolutionthree–

dimensionalmesoscalemodelresultsfor thecaseof asinglecumulonimbuscloudareevaluated

andcomparedto theanalyticalfindings.Secs.4 and5 presentdiscussionandconclusions.

2 Analytical approach

Any analyticaldescriptionof - –� relationshipsrelieson thechoiceof a mathematicalrepre-

sentationof hydrometeorspectra.For unimodalmeanspectra,many functionalforms exists,

of which the log–normal(e.g. Markowitz, 1976)andthe U –function(e.g. Clark, 1974;Ulb-

rich, 1983,1994)have beenusedmostfrequently. As thepurelyexponentialsizedistribution

proposedby Marshall& Palmer(1948)for rain dropsis a specialcaseof the U –functionwe
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will alsoapply U –functionsfor our investigation.Recentlytheneedfor universal,normalized

forms of particlespectrahasbeenexpressedindependentlyby several work groups(e.g. Se-

khon& Srivastava,1970,1971;Willis, 1984;SempereTorresetal., 1994,1998;Haddadetal.,

1996;Dotzek,1999;Dou et al., 1999; Illingworth & Blackman,1999)and,consequently, in

our presentstudy the following normalizedU –type distribution function is assumedfor any

hydrometeortype: �O�E�����\[ 2 U]�_^7�UW�_`aHNb;�dc �� 2;egf�hjilk hnm(oRmqp 8 (2)

Here � denotesparticlediameterand ` is a shapeparameter. [ 2 is anamplitudeor “particle

load” of thedistribution,and � 2 is a formalscalingdiameter(in fact, � 2�rts�u $ in thenotation

of Marshall& Palmer,1948)which caneasilybe relatedto any specificmeasureof particle

diameter, suchasthevolumemedian� v asgivenin AppendixA. However, computationsare

facilitatedgreatlyif � 2 is retainedup to thefinal form of derivedrelations.

Useof a non–dimensionalspectrumaccordingto Eq. (2) hassomeadvantagescompared

to dimensionalfunctions.First, thenormalizationin Eq. (2) assuresthathydrometeorcontent9]V doesnot dependon theshapeparameter̀ , cf. Eq. (4), andthat for `�� s theexponential

Marshall& Palmer(1948)spectrumis reproduced.Second,both �O�E��� and [ 2 aregiven in

unitsof m
h %

, or conventionallyin mm
hji

m
h = . Theshapeof thespectrumis characterizedby a

maximumat�awyx{zg�\� 2 �_`>| s � / �qwyx{zB�\�����awyx{z}�.�L[ 2 UW�_^7�UW�_`aHNb;� �_`~| s � f�hji k hj��f�hjiE� 8
Normalizedvaluesfor ��wyx{z and ��wyx{z are given in Table 1. With increasing̀ the spectra

broadenandconserve 9WV by lowering �qwyx{z . For lateruse,we definethemoment��� of order� by ���I� 01 2 �O�E���K� � 67��� UW��^7�U]��` HIb;� UW��` H � �C[ 2 � 2 �	� i 8 (3)

As mostbulk microphysicscloudmodelsfollowing thework of Kessler(1969)usehydrometeor

content9WV asthemainprognosticvariable,thisquantitywill alsobeappliedin thispaper:9WV�� ! < 9;:g� = � ! 9;:�[ 2 � 2 % 8 (4)

Spectralparameterscanbe substitutedby the moments� , so the quantity 9WV from Eq. (4)

will beintroducedto any following equationto eliminateeither [ 2 or � 2 , dependingonwhich
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spectralparameterasidefrom 9]V is chosento describethe particlespectrum.Note that this

doesnot imply any lossof generalityfor thespectra.Neither [ 2 , � 2 , ` nor 9]V areassumedas

constant,andall thesequantitiescanbefunctionsof timeandspace.

2.1 Radar reflectivity factor

The radarreflectivity factor - for sphericalparticlesunderthe assumptionof Rayleigh’s ap-

proximation(radarwavelengthmuchlargerthanparticlesize)is givenby- ��� 4 ��UW��^7� UW�_` H < �UW�_` HIb;� [ 2 � 2�� �LUW��^7�]�_` HN���}��` H�^7�}��` HNb��C[ 2 � 2�� (5)

andhasunit m= , or conventionallymm4 m h = . Now, from Eq.(4) wearriveat thefollowing two

desiredrelationshipsbetween- and 9WV by eliminatingeither � 2 or [ 2 :- � U]�_^7�� ! 9;:�� � o %5��`�H+���}�_`�HI^;�}�_`aHNb;�C[
2 h = o % �_9]V�� � o % (6a)

- � UW��^7�! 9;: �_`aH+�����_`aHI^7���_` HIb;��� 2 = 9]V 8 (6b)

Note that the - –� relationof Eq. (6b) being linear in 9WV is relatedto hydrometeorspectra

whichhavebeenreportedto occuronly rarely(Waldvogel,1974).In effect,mostpublished- –9]V relationsshow thepower � u ^ (Kessler,1969)or similar empiricalvalueslike

s 8 < b (Hauser

etal.,1988),

s 8��;� (Douglas,1964;Smithetal.,1975)for rainor

s 8 < � (Liu & Illingworth,2000),
s 8���� (Bielli & Roux,1999)for cloudice. Clearly, - doesnotdependoneitherverticalvelocity

or on thevariationof fall speeddueto theverticaldensitygradient.

2.2 Mean terminal fall velocity

Specifyingthe index “ S�S ” for all quantitiesat thechosenreferencelevel, i. e. sealevel condi-

tionswith verticalair velocity ?\�\S , air density9a�G9 2R2 � s 8������ kgm
h = , first theterminalfall

velocity ?�JQP 2R2 of thehydrometeorsasa functionof 9]V in this basiccasewill becomputedby

setting ?�JQP 2R2 �E�~���\? 2 c �  � eg¡ 8 (7)

Here

 � is theunit diameter, usually1 mm and ? 2 is theterminalfall velocityof hydrometeors

with � r  � . For rainKessler(1969)proposed? 2 �¢|g^&8 s�s ms
hji

and £�� s�u � . UsingEq.(7)
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a volume–weightedmeanfall velocity ¤?�JQP 2R2 canbecalculated:¤?�JQP 2R2 � ! 9;:< 9WV 01 2 �������(?�JQP 2R2 �E���y� = 67� (8)

which is, after multiplication by 9WV , identical to the meanmassflux densityor precipitation

rate � . In Eq.(8) againeither [ 2 or � 2 canbeeliminatedintroducingthehydrometeorcontent

from Eq.(4): ¤?�JQP 2R2 � ? 2� ! 9;:�� ¡�o % UW�_`aHNbgHI£��UW�_` HIb;�  � h7¡ [ 2 h7¡�o % �_9]V�� ¡�o % / (9a)

¤?�JQP 2R2 � ? 2 UW��` HNbgH�£	�UW��` HNb�� c �
2 � e¥¡ 8 (9b)

Note that Eq. (9b) is independentof 9WV . Rain ratesand - –� relationswill subsequentlybe

givenconsideringbothEqs.(9a)and(9b).

2.3 ¦ –§ relation at sealevel

Following Eq. (1), in its mostgeneralform thesedimentationvelocityof a singlehydrometeor

reads ?BAD�E� / ? / 9F���G?IHI?�JQP 2R2 ����� c 9
2R2
9 eg¨ /

which in termsof meanvaluesafter integrationover theentireparticlespectrumasin Eq. (8)

yields: ¤?BA}�_? / 9F���G?IH©¤?�JQP 2R2 c 9
2R2
9 e ¨ 8 (10)

Here ? denotesany ambientvertical air velocity, referencelevel terminalvelocity ¤?�JQP 2R2 , and

a heightdependenceM	��9F� with exponent ª rangingfrom S«8¬^ (Foote& du Toit, 1969) to S«8��
(Kessler,1969). It is obvious that ?BA is aneffective fall velocity subsumingcontributionsby

verticalair motionsandthedensitydependenceof theair dragexertedonhydrometeors.

Thegenericprecipitationrate � or theverticalhydrometeormassflux densityin kgm
h , shji

is thengivenby ���"! < 9;: 01 2 �������K?BAD��� / ? / 9F�3�>=	6F�"�­|N¤?BA���? / 9F�C9WV / (11)
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which by virtue of themeanvaluetheoremcanbeexpressedby theright handsideof Eq. (11)

linking both meansedimentationvelocity ¤?BA andhydrometeorcontent. Conventionally � is

takento bea positivedefinitequantityeventhoughprecipitationfalling to thegroundrequires

a negative ¤?BA andhenceimpliesa negativedefinite � . This is thereasonfor theminussignin

Eq.(11).

To derive first � andsubsequentlythe - –� relationundertheabove mentionedreference

conditionsat sealevel, weseefrom ¤?BA�� ¤?�JQP 2R2 thatin thisbasiccase� reducesto���d|I¤?�JQP 2R2 9WV 8 (12)

UsingEqs.(9a,b) this leadsto� � |¥? 2� ! 9;:®� ¡�o % UW�_`aHNbgHI£��UW�_`aHNb;�  � h7¡ [ 2 h7¡�o % ��9WV�� i � ¡�o % / (13a)

� � |¥? 2 U]��` HIb¥H�£��UW��` HNb�� c �
2 � e ¡ 9]V 8 (13b)

With Eqs. (6a), (13a) and (6b), (13b), respectively, and after sometediouscalculationsthe

corresponding- –� relationsread- � ¯ 2R2 P °�� � o3� % � ¡�� / with (14a)¯ 2R2 P ° � UW��^;��K| ! 9;:�? 2 � � o3� % � ¡�� �_`aH+�����_` H�^7�}��` HIb;�²± UW��` HNb��UW��` HNbgH�£	�}³
� o3� % � ¡�� [ 2 hj� = h7¡��´o3� % � ¡��  � � ¡�o3� % � ¡�� /

- � ¯ 2R2 P m � / with (14b)¯ 2R2 P m � UW��^;�| ! 9;:�? 2 UW��` H < �U]��` HIb¥H�£�� � 2 = h7¡  � ¡ 8
Applying Kessler’s £ –valuefor raindrops,i. e. £�� s�u � , Eq. (14a)becomes- ��¯ 2R2 P °]� i % o¶µ
with a power of

s ^ u �¸· s 8�� < . We seefurther that choiceof the characteristicspectralform

(eliminationof either � 2 or [ 2 by 9]V ) causessifnificant differencesin exponent ¹ . These,

however, donot stemfrom deepconvection.

2.4 ¦ –§ relation in deeplayers

After studyingthespecialcase ¤?BA.� ¤?�JQP 2R2 (implying ?���S and 9 ��9 2R2 ) we will first examine

densityeffectson the - –� relationandthenalsoallow for ?»º�\S asin convectiveclouds.
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2.4.1 Stagnantair

UsingEq.(11)againandsettingonly ?L��S in Eq.(10) theprecipitationratenow becomes���d|N¤?�JQP 2R2 c 9
2R2
9 e ¨ 9]V / (15)

sothatEqs.(14a,b) yield, respectively,- � ¯ 2R2 P °¼M®°½�_9F��� � o3� % � ¡�� / with M¾°¥��9F�.� c 9
2R2
9 e¿hF¨½À

� o3� % � ¡��ÂÁ / (16a)

- � ¯ 2R2 P m M m ��9F��� / with M m �_9F�W� c 9
2R2
9 e�hF¨ 8 (16b)

Notethatthedensityvariationsonly affect theprefactorof thetwo characteristic- –� relations.

Theonly variableenteringtheir exponentis thevalue £ from theterminalfall velocity power

law.

It is clearlyseenthatbothEqs.(14a,b) and(16a,b) representspecificformulationsof the

commonlyapplied - –� relation - ��¯7� 
 8
To get an impressionof the variability in superscript¹ resultingfrom our calculations,Fig. 1

compilesvarioustypical rangesof ¹ . For hydrometeorsfalling at a constantterminalvelocity?�JQP 2R2 �E���l� const, i. e. £Ã�ÄS in Eq. (7) asan upperlimit ¹~�Å� u ^ follows. Most slopesof

observed - –� relationsfall in therange� u �aÆ\¹½Æ�� u ^ wherethevalueof � u � correspondsto

linearlaws ?�JQP 2R2 ����� . Theslope¹�· s 8����7ÇlS«8¬S;� mostoftenreportedin theliterature(e.g.Battan,

1973;Hauseretal.,1988;Sauvageot,1992;Rinehart,1997)correspondsto roughly ?�JQP 2R2 �E����È� iEo , , i. e. £�� s�u � andraindrop–dominatedprecipitation(Kessler,1969;Pruppacher& Klett,

1997).Valuesof ¹ smallerthan � u � areseldomreportedasthey would correspondto £�É s or

otherparticularmeteorologicalconditions,cf. Battan(1973,Table7.1, pp. 90–91)andAniol

et al. (1980). The lower limit ¹Ê� s
follows for equilibrium raindropspectra(Zawadzki &

AgostinhoAntonio, 1988)or spectrawith a constant� 2 which have beenidentifiedto occur

only rarely (Waldvogel,1974). Note that the samerangesof ¹ werefound by Dölling et al.

(1998)from anevaluationof disdrometerdata.
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2.4.2 Convection

Finally we discussthegeneralcasein which anexternalverticalvelocityfield ? is imposedso

thatwith Eq.(10) theprecipitationratethenreads���d|I¤?BAC9WV��d| ± ?�HË¤?�JQP 2R2 c 9
2R2
9 e¥¨ ³ 9WV 8 (17)

Without lossof generalityweset?L�LÌ ¤?�JQP 2R2 c 9
2R2
9 eg¨ / | s�Í Ì ÍGÎ 8 (18)

Herenegative valuesof Ì correspondto updrafts,and Ì ÆÏ| s is excludedasit corresponds

to floatingor evenrising particles.Our Ì –factorapproachcoversthe following two extreme

cases:

1. anarbitraryvalueof ? is imposedon the hydrometeorfield, i. e. no couplingof ? and9WV . In this caseÌ is the variablemaintainingthe given ? in an inhomogeneous¤?�JQP 2R2
field: ÌÑÐ�Ò�Ó�"? u ¤?�JQP 2R2 �_9 2R2Du 9F� hF¨ .

2. ? is strictly proportionalto ¤?�JQP 2R2 in thehydrometeorfield, i. e. completecouplingof ?
and 9]V . In thiscase? is thevariablemaintainingthegiven Ì in aninhomogeneous¤?�JQP 2R2
field: ? Ð�Ò�Ó�"Ì ¤?�JQP 2R2 �_9 2R2Du 9F� ¨ .

Definitely reality will bein betweenthetwo alternatives(andprobablycloserto thefirst). The

local valueof ? is a superpositionof an imposedvertical wind andan additionaldowndraft

componentinducedby thehydrometeordrag.IntroducingEq.(18) into Eq.(17) theexpression

for therain ratebecomes ���d|l�_ÌÔH s �~¤?�JQP 2R2 c 9
2R2
9 e¥¨ 9WV 8 (19)

InsertingEq.(19) in Eqs.(16a,b), respectively, leadsto- � ¯ 2R2 P °¸M¾°Õ��9F�yÖ�°¥��?¿�y� � o3� % � ¡�� / with Ö�°¥��?½���×�_Ì�H s � h � o3� % � ¡�� / (20a)

- � ¯ 2R2 P m M m ��9F�(Ö m ��?¿�y� / with Ö m �_?¿���×��ÌÔH s � hji 8 (20b)

Notethatany verticalair motionsagainonly affect theprefactorof thetwo relations.Thisstate-

mentholdsin averygeneralsense,wehavenot limited ourselvesin thisanalyticalinvestigation
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concerningthevariability of spectralparameters( [ 2 , � 2 , ` , 9]V ) in spaceandtime. Obviously,

theexponent¹ couldbealteredif thevalueof £ , i. e. the fall speedpower law would change.

Referringto Eq.(7), it is apparentthatusuallytransitionsfrom onehydrometeortypeto another

haveto takeplace(e.g. dropletsto icecrystals)to introducemodifiedvaluesof ? 2 and £ . If the

hydrometeortypeor mixturedoesnotchange,sayin awarmcloudsituationin whichraindrops

do not freezeandraindropscollectonly clouddropletsor otherraindrops,then �O�E��� couldbe

subjectto arbitraryvariationsandyet thefall speedpower law would remainunaffected.This

holdsbecauseEq.(7) is ageneraldescriptionfor terminalvelocityasa functionof diameterfor

onespecifichydrometeorclass.

3 Modeling casestudy

Themodelingresultspresentedin thissectionwill helpto furtherquantifytheanalyticalresults

from a different point of view. For the model experimentto investigate- –� relationsthe

three–dimensionalnon–hydrostaticKarlsruheAtmosphericMesoscaleModelKAMM (Adrian

& Fiedler,1991)wasappliedin asubstantiallyrevisedandextendedversionsuitableto simulate

deepconvectionincludinga bulk microphysicalcloudmodulepredictingrainwater 9WV�Ø , cloud

water 9WV®Ù , andcloudice 9WV�Ú (Dotzek,1998,1999).Asidefrom theprognosticquantity 9WV the

modelalsoprovidesthefieldsof ? , 9 andterminalfall speedof hydrometeors¤?�JQP 2R2 . As for the

analyticalapproach,all hydrometeorfall speedsin themodelaresubjectto a variationdueto

densitystratificationaccordingto Eq.(15)with 9 2R2 � s 8Û����� kgm
h = and ª���S«8�^ .

Wehave to mentionherethatthebulk microphysicsdescriptionin themodelis lessgeneral

comparedto our analyticalapproachin Sec.2. In theKAMM model,particlespectraareheld

fixed ( [ 2 , ` ), andonly 9WV is variable. Neverthelesswe will be able to study the effectsof

verticaldraftsandair densitychanges,andalso(althoughsimplified)theinfluenceof mixtures

of hydrometeorswith differentfall speedlaws. As shown in Sec.2, theformershouldmodify

prefactor ¯ , thelatterexponent¹ of - –� relations- �\¯Ü� 
 .
Themodeldomainchosenwas

< ^ km in bothhorizontaldirectionsÝ and Þ . Thetop of the

domainwasat

s � km abovesealevel (ASL) andin thecenterof thedomainanidealized�¾S�S m

high bell–shapedmountain(indicatedby dashedcirclesin Fig. 2) rosefrom theotherwiseflat

grass–coveredterrain. Spatialresolutionof themodelwas

s
km horizontallyand

s S m (at the

ground)to about

s S�S m (nearthemodeltop)vertically. Thebasicstateof thismodelrunwasa

10



barotropicflow of

s S ms
hji

from west–southwest,andtheprofilesof temperatureandhumidity

allowedfor cloudtopsat8 to 9 km ASL.

Convectionwasinitiatedby a local boundarylayerperturbationto thebasicstate,a moist

and warm air bubbleat �_Ý¢� s S / ÞL� ����� , similar to the procedureof Klemp & Wilhelm-

son (1978). The bubble was introducedto the systemafter one hour of simulation,i. e. at

1200 local standardtime (LST). Fig. 2 shows a syntheticalradarcompositefrom the model

study. It is a MaximumConstantAltitude PlanPositionIndicator(MAX_CAPPI) of theradar

reflectivity factor, showing the projectionof the highest - –valuesin the volumedatato the

cartesianplanesÝ ,Þ (large panel), Ý , ß (small upperpanel),and Þ , ß (small right panel). Light

grey shadingoutlinesthecloudshape,darkgrey areascorrespondto high reflectivitiesof more

than ^�S dB- .

Soonafterinitiation a rapidly developingcumuluscloudappeared,moving east–northeast-

ward with the meanflow. As Fig. 2 revealsat 1220LST cloud top wasat about � km ASL

(a) anda coreof high reflectivity hasdeveloped. Only

s S min later strongprecipitationfell

out of thenow maturecumulonimbuscloudwith its top at � km ASL (b). Thedecayingstage

with weakeningprecipitationandcloudtransitionto anice–filledanvil canbeseenfrom image

(c) from 1245LST. Thehighestcomputedreflectivities in this stormwereabove
< S dB- , the

initial instantaneousrain rateat thegroundpeakedat ^7��S mmh
hji

, andthelargestprecipitation

accumulationat a singlepoint was34 mm. Updraftsin this cloud hardly exceeded

s�s
ms
hji

(at 1220LST), downdraftsreachedtheir peakof about

s S ms
hji

at 1245LST, andonly a weak

gustfront developedat latertimes.To sumup,thissmallcumulonimbuscell is by nomeansex-

ceptional.Insteadit representsthetypicalCentralEuropeanheavy rain showerduringsummer

andwasthereforechosenasarepresentativecaseto studytheeffectsof convectionon the - –�
relation. For completenesswe mentionthat the shallow boundarylayercloud (d) at the right

sideof the modeldomainin Fig. 2 is a stationary, orogenicstratocumuluswhich hadformed

from near–surfacehorizontalconvergencein theleeof thebell–shapedmountain.

Theradarreflectivity factorsshown in Fig. 2 representthetotal sumof - –valuesfrom any

presenthydrometeors.For comparisonwith our analyticalfindings,however, their separate

contributions to total reflectivity will be considered. So even thoughFigs. 3–5 show - –�
relationsfor cloud ice andcloud wateraswell, the quantitative evaluationis focusedon the

model–predictedprecipitation9]V Ø which can,dependingon ambienttemperature,behave like
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eitherrain,snow / lumpgraupel,or amixtureof both.

For raindropsthe KAMM model usesthe terminal velocity formulation first appliedby

Soong& Ogura(1973)andlateronby Klemp& Wilhelmson(1978):¤?�JQP 2R2 �¢| s ^&8 s < ms
hji c 9]V Ø

kgm
h = e

2@à i =R4 % 8 (21)

Comparingthis relationto Eq. (9a) two thingsshouldbenoted: the value | s ^«8 s < ms
hji

cor-

respondsto the completesetof factorspreceding�_9]V�� ¡�o % (not only to ? 2 ), andthe exponent

implies £Ê�L^âá�S«8 s b < ^���S«8��¾^7� < , fairly centralin theacceptedrange
� S�Æ�£äã s � for ?�JQP 2R2 �E���

power laws (cf. Fig. 1). Theanalytical - –� relationfor rain from Eqs.(6a)and(21) andthe� –9]V relationfrom Eq.(15) in SI unitsread- � UW��^7�� ! 9;:®� � o %
s ^&8 s < h � o3� % � ¡�� ��` HN���}��` HI^;�}�_`aHNb;�y[ 2 h = o % c 9

2R2
9 e hF¨½À

� o3� % � ¡��ÂÁ � � o3� % � ¡�� /(22)

� � s ^&8 s < c 9
2R2
9 e ¨ c 9]V�Ø

kgm
h = e i

à i =R4 % 8 (23)

For apureexponentialspectrum( `å� s ) with [ 2 �\�«8�Slá s S 4 m
h %

asstandardvalue(Marshall

& Palmer,1948)thesamerelationsin conventionalunitsbecome-
mm4 m h = ����S;� c 9

2R2
9 e hji

à # % ¨ c �
mmh

hji e i à # % / �
mmh

hji � s �«8¬��S c 9
2R2
9 e ¨ c 9]V

gm
h = e i

à i =R4 % 8
(24)

The exponent ¹��æ� u �_^ H�£��ç· s 8Û�¾^ agreesvery well with our analyticalfindingsand the

experimentaldataof Dölling etal. (1998).Again,only theprefactorof this relationdependson

air density. Notethatusing - ���F8¬^�á s S % �_9]V¾� i à è , (Douglas,1964;Battan,1973;Smithetal.,

1975)yields - � s ���a� i à 4 . Kessler(1969)reported- �é� s S�� i % o¶µ and �é� s �«8�b��~��9WV�� µêo è
for sealevel conditions,soonaverage��S�S¥� i à 4 is supported(Marshall& Palmer,1948;Battan,

1973).

Effectsof mixedandice–phaseprecipitationwereincludedin theKAMM modelaccording

to thesimpleapproachby Tartaglioneet al. (1996): below freezinglevel height,Eq. (21) pro-

posedby Soong& Ogura(1973)is applied.Above thefreezinglevel hydrometeorfall speeds

arecomputedastemperature–weightedaveragesbetweenraindropfall speed,Eq. (21), anda

constantterminalvelocity (implying £ä�\S )¤?�JQP 2R2 �d|Õ�n8�� ms
hji

(25)
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representative of a mixtureof snow andlump graupel(Locatelli& Hobbs,1974;Starr& Cox,

1985). For temperatureslessthan |¥b;��ë C only this asymptoticfixed value is assumed.As

Tartaglioneet al. (1996)wereableto show, stormdynamicsareimprovedsignificantlyby this

morerealisticdescriptionof hydrometeorsedimentation.

Evaluationof theasymptoticcaseof constantfall speedfrom Eq.(25)yields - –� and � –9]V
relationsusingEqs.(15)and(16a)- � UW��^7�� ! 9;:��F8Û��S�� � o % �_`aH+�����_`aHI^7���_`�HNb;�C[

2 h = o % c 9
2R2
9 e hF¨

� o % � � o % / (26)

� � �n8Û�¾S c 9
2R2
9 e ¨ 9]V�Ø

kgm
h = / (27)

or, in conventionalunitsandunderthesameassumptionsasin Eq.(24):-�ì
mm4 m h = ���¾b c 9

2R2
9 e hF¨

� o % c �
mmh

hji e � o % / �
mmh

hji ���«8¬S;� c 9
2R2
9 e ¨ 9WV

gm
h = 8 (28)

The equivalentreflectivity factor -.ì of ice particleswascomputedunderthe assumptionof a

melteddropspectrumaccordingto Smith(1984): -.ì �LS«8Û����� - .

Wenow turn to incorporateresultsobtainedwith theKAMM modelfor thestormshown in

Fig. 2. Thethreecharacteristicstagesof clouddevelopmentdepictedin this MAX_CAPPI–-
compositecouldeitherbechosenasa basisfor our investigationwithout alteringtheoutcome

much. Decisionwasmadeto focuson stage(b), cloudmaturity, for thereasonthatheremax-

imum up anddowndraftswerenearlyin equilibrium( ?�wyx{z¿�t�n8¬� ms
hji

, ?�w(í*î��ï|½�F8 s ms
hji

).

So thereshouldbe negligible biasdueto any preferenceto the sign of vertical motions. Re-

sults from stages(a) and(c) in Fig. 2 have beenchecked to yield similar statistics,although

in stage(a), stormgrowth, a greatervolumeof cloud andprecipitationexperiencesupdrafts

( ?�wyx{zÊ� s�s 8 s ms
hji

, ?�w(í*îÊ� |Õ�n8¬S ms
hji

) andreducedrain rates,while in stage(c), storm

decay, rain ratestendto be enhanceddueto moredominantdowndrafts( ?�wyx{zð�ñb«8�� ms
hji

,?�w(í*î¥�d|¥�«8¬� ms
hji

).

3.1 Stagnantair

Neglectingfirst theTartaglioneetal. (1996)mixed–phasefall speedparameterizationandtreat-

ing all precipitation 9WV Ø as rain dropswe obtain the scatterplot of - –� relationsshown in

Fig. 3 for themodeledcumulonimbuscloudof Fig. 2, stage(b). For all grid pointswithin the
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cloud andthe rain shaft,both - and � wereevaluatedfrom the hydrometeorconcentrations9]V anddepictedassymbolsin the diagram. The lettersr, i, andc denotethe - –� relations

for precipitation( H ), cloud ice ( ò ), andcloudwater( ó ), respectively. While the latter two are

mainly givenfor completenessandto demonstratethemodel’s ability to “measure”extremely

smallsedimentationrates,theanalysisof thedatafocusesontherelationfor rain. Thereforethe

index r will beomittedfor simplicity from therelationsgivenbelow.

Obviously, for this casein which only densityvariationsfrom thefactor M¾°½�_9F� arepresent,

the modeldatareproduceEq. (24) very well, althoughthe densitydependenceintroducesaÇ s 8Û� dB- scatterfor any valueof rain rate.A regressionanalysisfor �­ô s S h 4 mmh
hji

yields- � � s ��bgÇ��¾^��n� i à #R#êõ 2@à 2 i / �\� � ���n8¬S��BÇ s 8¬��^��ö��9WV�� i à i = õ 2@à 2 i (29)

andshows that indeedonly the prefactor is affectedby effectsof densitystratification. The

smallstandarddeviation in theexponentmustbeattributedto bea purelystatisticalartifactof

theregressionalgorithm— astheanalyticalreasoningshowed,thepower ¹ remainsunaffected

by all thephysicalmechanismsstudiedhere.

Evaluatingthesamecase,but applyingnow the temperature–dependentfall speedparam-

eterizationby Tartaglioneet al. (1996) for mixed and ice–phaseprecipitation,Fig. 4 depicts

the consequencesfor oneandthe samedataas in Fig. 3. While curves(c) and(i) for cloud

particlesremainunaffected,the - –� relationfor precipitationparticlesis now split in two —

branch(r) correspondsto Eq. (29) andbranch(s) with its steeperslopeoutlinesthe limiting

caseof constantfall speedfor the ice–phase.Fewer pointsbetweenbranches(r) and(s) indi-

catemixed–phaseprecipitation(wet snow / graupel).Both curvesyield similar valuesfor high

precipitationratesbut startto separatefor � Íds S mmh
hji

. Therelationshipin theasymptotic

case(s)with dry snow or graupelpelletsonly is-�ì ·Ã� < � i à � # / ��· s �n8����¥9WV i à 2R2 (30)

with theexponent¹a�Ô� u ^ asexpected.And againthe higherprecipitationratealoft reduces

theprefactorin themodeled- –� relationwithoutchanging¹ , ascanbeseenby comparisonto

Eq.(28).
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3.2
÷

Deepconvection

Both Eqs.(29) and(30) excludedverticalair motionsin theanalysis.As themesoscalemodel

provides the field ? at any grid point, theseconvective motionscan easily be addedwhen

computingthe local precipitationrate. Up anddowndraft speedsin the cumulonimbuscloud

at thestage(b) in Fig. 2 werestill in excessof 5 ms
hji

, sosomeportionsof thehydrometeors

wereno longerdescendingto the groundbut rising upward. As thesewould leadto negative

valuesof precipitationrate � they werenot consideredin thefollowing evaluation.Naturally,

slowly subsidinghydrometeorslike cloud ice andespeciallycloud dropletsaremostaffected

by updraftsandtheir - –� relationswill suffer thelargestlossof datapoints.

This canbe seenin Fig. 5. As in Figs.3 and4 this scatterplot shows - –� pointsfrom

thetotal cloudandprecipitationvolume.Sothedataarenot specificfor a certainheightlevel,

but for thewhole rainstorm.Apparently, the - –� relationsfor cloudwaterandcloud ice are

hardlydiscernibleany more.Only for precipitationratesof morethan S«8 s mmh
hji

thecloudice

datagroupinto adenserclusterwith a roughlylineartrend.For themixed–phaseprecipitation,

however, and �­ô\Sn8�S;� mmh
hji

thedatafrom thetwo asymptoticcasesof rainandsnow / lump

graupelnow collapseona linearcurveonaverage:- � � ��S;�BÇ+���®�&� i à # % õ 2@à iRi / ��� � s �n8¬^ < Ç��F8Û��b®�ø�_9]V�� i à i = õ 2@à i 2 8 (31)

Theerrorbarsgive thestandarddeviation determinedfrom linearregressionanalysis.Soeven

for rapidly falling precipitationhydrometeorsthedataarevery noisyandhave numerousout-

liers relative to themeanrelationwith combinationsof high reflectivity factorsandvery small

precipitationrates.Theseresultfrom largehydrometeorcontentswithin themainupdraftcore.

For someof thesedatapoints ¤?BA hasbecomesosmallthattherainrateis reducedby afactorof
s S�S comparedto therain ratein stagnantair. On thecontrary, in themaindowndraftwithin the

rainshaft � is increasedby a factorof � .
Comparisonwith Eq.(20a)shows thatthesevariationsimply a rangeof Ì� |¥S«8¬���âã\ÌËãÃ�n8¬S�S¾� 8

For moreintenseconvective cloudswith higherdowndraft intensitiesthis rangewould beex-

panded,especiallyfor positive Ì . But eventhemoderatevariationin Ì sufficesto introducean

uncertaintyof Ç¿^7� % in theprefactorof theaverage- –� relationasshown in Eq. (31). This
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noisecannotbeattributedto any differentasymptoticrelationsfor rainandsnow: Fig. 4 shows

thatthespreadbetweenbranches(r) and(s)issmallfor relevantrainrates,i. e. ��ù�S«8 s mmh
hji

.

Instead,verticalair motioncausesthelargeobservedscatterin - and � .

Also note from comparingEqs.(29) and(31) that, asanticipatedin Sec.2, introduction

of a mixture of hydrometeorswith different fall speedlaws causesan effect on the - –� –law

exponent¹ . In this simplifiedbulk modelstudymeanvalueandstandarddeviationchangedue

to the presenceof only two differenthydrometeortypesfrom ¹>� s 8����¿Ç�S«8¬S s to a power of¹B� s 8��¾^¥Ç+S«8 s�s .
Any effectsof verticaldraftson � alonearefurthersubstantiatedby Fig.6 showingascatter

plot of 9WV / � for precipitation( H ), cloud water( ó ), andcloud ice ( ò ) from the samevolume

dataasin Fig. 5. Obviously, thehighestreductionsof � occurfor largehydrometeorcontents

( ù­� gm
h = for rain, ù s gm

h = for cloudice). Individualgrid pointsin theprecipitationvolume

show an updraft–inducedreductionin � to lessthan 1 %, similar valuesare found for ice.

Evenmoreobviousasfrom Fig. 5 is thedistinctspatialcoherenceof thedowndraftsreducing� . For precipitationwith 9WV�Ø ùú� gm
h = the dataoutliersgroupin severaldiscretebranches

correspondingto thosemodelgrid columnscontainingthe mainupdraft. Besideswe seethat

the largestamountsof precipitation(above

s S gm
h = ) musthave occurredat or below cloud

base:for thesehigh valuesof 9WV Ø no more � –reductiondueto updraftstakesplace. Instead,

considerableshift towardsstrongerrain ratesindicativeof downdraftsexists. While thelargest

instantaneousrain rate at the groundfor this modeledcumulonimbus was ^7��S mmh
hji

, the

absolutemaximumis �\û < S�S mmh
hji

.

4 Discussion

Theresultsof our modelingstudyshowedthatthe - –� relationsanalyticallyderivedfor air at

restremainrobust in a statisticalsenseevenunderstrongverticalmotions.Thescatterrelative

to themeanrelations,however, wasfoundto be largeenoughto cover the rangeof variations

in - –� relations - �ñ¯Ü� 
 for convective raincloudsasdocumentedin the literature. Even

convectionin non–severestormscanaccountfor a jump from - ·ï��S;�¿� i à # % to instantaneous

relationslike - � � ��S;�½ÇL�;�®�q� i à # % õ 2@à iRi , encompassing- �"b�S�Sl� i à # frequentlyreportedfor

convectiveclouds.In addition,whendifferenthydrometeortypeshaving individual fall speeds

arepresent,thevariability of ¹ increasesalso.
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Concerningthe dominantvariationof prefactor ¯ , at leastthe effectsof densityvariations

with heightcanbecorrectedusingadensityprofileaccordingto thestandardatmosphere.Such

anaveragestratificationwill beabsolutelysufficient from a practicalpoint of view. Thevari-

ation of air densitywith heightis muchlarger thanperturbationsbetweenthe standardatmo-

sphereanda measureddensityprofile (e.g. from radiosondes).The latter would imply a -
correctionof at mosta few hundredthsof a dB. As a densitycorrectionfactorwe find from- �\¯�� 
 andEqs.(16): -Oü_ýRþÿþ � - c 9

2R2
9 e ¨ 
 8 (32)

Obviously, for precipitationaloft the measuredradarreflectivity factor - hasto be increased

accordingto Eq. (32) beforeany standardsealevel - –� relation can be appliedto yield a

representative rain rate � . For radarechotops of

s S km ASL, ªÄû Sn8¬^7� , ¹Iû s 8���� , and9 i 2�� wÄû S«8�^ s kgm
h = we obtain an enhancementfactor of �n8 s � , i. e. roughly a H¿b«8�^ dB-

correctionwhich shouldnot beneglectedwhenderiving a verticalprofile of � within a deep

raincloud,evenif theremight beotherdeficiencieslarger than3 dB- in real radardatawhich

arenotusuallybeingtakencareof (e.g. Ulbrich & Lee,1999;Campos& Zawadzki,2000).

Probablymoreimportantin practicalapplicationsis to considerthis densitycorrectionfac-

tor for base–level reflectivity scansat large range. Base–level valuesof - (determined,e. g.

from 0.5ë PPIscans)areroutinelyusedfor precipitationestimation.For thiselevationanglethe

radarbeamwill beat1.5km AGL for 100km range,andat3 km AGL in adistanceof 150km

to theradar. Thedensitycorrectionfor theseheightlevels is about0.5 dB- and1.0 dB- , re-

spectively. For animprovedarealprecipitationestimate,thisshouldbeaccountedfor. Indirectly

it is included,for example,in theProbabilityMatchingMethod(Calheiros& Zawadzki,1987).

Climatologicaldiscrepanciesbetweentypical valuesof [ 2 at several specificradarsites

can leadto different - –� relationsamongeven nearbyradars,asthe prefactors ¯ 2R2 P ° , ¯ 2R2 P m
of the relationsdependon [ 2 and � 2 directly, ascanbeseenfrom Eqs.(14a,b). In addition,

the shapeparameter̀ playsan importantrole. In this paperwe do not exclusively assume

purely exponential( `Ã� s
) spectrafor the raindropsasdoneby Marshall& Palmer(1948).

Following the evaluationof Ulbrich (1994)who found `�� s 8�� s Ç s 8¬��� , we choosè�� �
and apply this value for comparison. Using [ 2 � �«8¬S�á s S 4 m

h %
, � vé� �n8¬S�á s S h % m,? 2 ��^&8 s á s S 2 ms

hji
,

 �é� s 8¬S á s S h = m, £¸� s�u � , andmediandiametersfrom AppendixA,
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wefind for theundisturbedprefactors̄

2R2 P ° and ¯ 2R2 P m in SI units:¯ 2R2 P ° � ��� �� s 8¬S á s S hji 2 for ��`ç� s �s 8 < á s S hji 2 for ��`ç����� (33a)

¯ 2R2 P m � ��� �� �n8¬S á s S hji = for ��`ç� s / � 2 � s 8¬^�á s S h % m�s 8��aá s S hji = for ��`ç��� / � 2 � s 8 s á s S h % m� (33b)

For completenesswe give theaccording- –� relationsin conventionalunits ( - in mm4 m h = ,� in mmh
hji

) aswell:- � ��� �� b�S;�¥� i % o¶µ for �_`�� s �^ < ^½� i % o¶µ for �_`������ (34a)

- � ��� �� �®^&8��¥� for �_`å� s / � 2 � s 8�^�á s S h % m�^ < 8 < � for �_`å��� / � 2 � s 8 s á s S h % m� (34b)

For weakconvection,andin stratiformclouds,at leastaportionof thevariability in - –� must

bedueto variationsin thespectraof involved(mixed–phase)hydrometeors.Heretwo aspects

shouldbeconsidered:cloudphysicalandorographicpeculiaritiesin thevicinity of a specific

radarsiteandtheoccurrenceof unusualparticlespectra(e.g. Richter& Goddard,1996;Sau-

vageot& Koffi, 2000).

Oneexampleof thelatterwouldbeprecipitation–sizeparticlespectraviolatingthecommon

assumptionin many studiesof [ 2 � constand rathertendingto � 2 � const. In general

precipitation–sizeparticlespectracannotuniquelybe describedby assumingconstantvalues

of [ 2 or � 2 . Instead,both are functionsof time and space(e.g. Huggel et al., 1996; Ny-

stuen,1999). However, thecase� 2 · consthaving beenlabeled“rare” by Waldvogel(1974)

might serve asan explanationfor - –� relationswith exponentsin the range
� s Æé¹�ãÅ� u �®�

shown in Fig. 1 by light grey shading.In thesecasesusuallyrelatedto precipitationchanges

from stratiformto convective or vice versa,particlespectraappearto bedominatedby � 2 �
const,implying - ÈÅ� anda minor contribution from spectrawith [ 2 � const. Especially

in microphysicalequilibrium within shaftsof heavy rain thesekinds of spectracanoccur in

connectionto deepconvectionaswell (Zawadzki& AgostinhoAntonio,1988;Rinehart,1997).

However, due to the overwhelmingeffect of vertical motionson the - –� relationsthey are

likely to beoverlookedin thedata.
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A mesoscalecloudmodellike KAMM usinga bulk microphysicalschemewhich specifies

spectralshapehomogeneouslyandstationarilyfor thewholemodeldomaincannotquantifyef-

fectsliketheonejustdescribedabove. While ouranalyticalinvestigationretainedall degreesof

freedomcontaininghydrometeorspectra,thebulk modelresultsarelessgeneral.Focusingon

thestudyof ashort–livedsummerseasonrainshowercertainlylimits theprobabilityof tempo-

ral changesin hydrometeorspectra.Neverthelessthemodelcloudis likely to beconsiderably

simplifiedcomparedto arealrainstorm.Yet theeffectof verticaldraftson � (andhenceon - –� ) is sodominantin convectivecloudsthatabulk cloudmodelwith highspatialresolutionwas

adequateto confirmthemainfindingsfrom thegeneralanalyticalapproach:largedeepconvec-

tion effectson prefactor ¯ , while exponent¹ is only affectedby mixturesor phasechangesof

hydrometeors.

Comparingour resultsto thoseof other investigators,most researchon - –� relationsin

convectiveprecipitationregionshasbeencarriedout from anobservationalpointof view. From

heranalysisof many observedcases,Austin (1987)wasableto show that theactualrain rate

in convective downdraftsmay doublecomparedto the rain ratederived from the reflectivity

factoralone.Also supportedby Illingworth & Blackman(1999),this is exactly thefinding of

thepresentwork. TheKAMM modelingresultsindicatedthe Ì –factorfrom Eq. (19) to reach

just thevalueof Ì �¢� . Thesepointsarealsoaddressedby Dölling et al. (1998).Theauthors

presenta methodto quantifytheeffectsof spectralvariations.Illingworth& Blackman(1999)

estimatethepotentialerrorin deriving � from - up to a factorof two, i. e.

s S�S %.

Atlas et al. (1995) notedthe very strongreductionof the measured� in updraft cores.

This finding agreeswith our valueof Ìæ·�|ÕSn8���� for theupdraft–dominatedgrid pointsin the

KAMM simulation. In the samearticle, Atlas andhis coauthorsexperimentallyshowed the

large variationsin the prefactors ¯ when - –� relationswereseparatelyderived for up- and

downdraft regions. They concluded:“ - –� relationsin the presenceof significantdraftsare

meaningless”.

This drasticconclusion,althoughvalid for small ensemblestaken from stronglydifferent

regionsinsideacloudor precipitationcore,couldnotbecorroboratedwithin ouranalyticaland

modelingstudy. Instead,on averageover a whole cumulonimbus cloud andits precipitation

shaft,customary- –� relationsstill hold in a statisticalsense.This resultcoincideswith yet

anotherexperimentalstudyof - –� relations(Yuter & Houze,1997). Their main conclusion

wasthat thoughsomefar outliersmay appearin a � , - –diagram,on averagethe meanrela-
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tionshipbetweenthetwo remainslittle affected.Furthermore,they suggestednot to distinguish

between“stratiform” and“convective” - –� relations,asthesetendto mergeandcollapseinto

a singlerelation. Also, they notedthe dependenceof experimentallyderivedreflectivity–rain

raterelationshipson thespatialscalesunderconsideration.As statedby Atlasetal. (1995)and

visible in Figs.5 and6 of our presentstudy, consideringonly a limited volumeof a stormto

evaluate� � - � canproducealmostany functionalform — leadingtheseauthorsto theirdrastic

statementgivenabove..

Yet anotherambiguityarisesfrom large percentagesof hydrometeorslike snow or larger

cloudicecrystalswith ¤?�JQP 2R2 û const,asthesetendto increasethepower ¹ of radar–derived - –� relations.For instance,if the - –� relationshipfrom Eq. (31) is re–computed,but including

reflectivitiesandsedimentationratesof all hydrometeors,theresultfrom Eq.(31) is changedto- � � s�s < Ç²��b¾�n� i à � 2 õ 2@à , = / ��� � s < 8�^7�BÇ s Sn8Û� < �(�_9]V Ø � i à i , õ 2@à i � 8 (35)

Hereinclusionof the largeportionof cloud ice in theupperpartsof thecumulonimbuscloud

altersbothprefactorandexponent¹ . Thevariationin ¹ bringsit closeto thevalueof � . Thisice–

phaseeffectdueto contributionsfrom differenthydrometeortypeswith substantialreflectivities

but highly variablesedimentationratesmayalsoserve asanexplanationfor empiricallyfound- –� relationswhich displayanexponent¹lÉ�� u ^ , suchasthesnow relationgivenby Sekhon

& Srivastava(1970)with ¹����n8�� s : - � s ����SÕ� , à , i 8
While exponents¹ÊÉÑ� u ^ arenot supportedfrom our evaluationbasedon well–defineduni-

modalmeanhydrometeorspectra,they could alsobe evaluatedfrom the datain Fig. 5 if the

low rain rateoutliersonly areconsideredfor �ÔùÔS«8 s mmh
hji

. Sucha subsetof information

easilyyields ¹�·Ã�n8�� whichwould,however, leadto aseriouscontradictionto thephysicsof the

falling hydrometeorensembleundertheassumptionsmadehere(cf. Dotzek,1999).

Thepresentstudyhasfocusedon vertical convective motions. However, deepmoist con-

vectionalsohashorizontalcomponentsandis usuallysuperposedto strongvertically sheared

meanhorizontalair flow (cf. Houze,1997).For adevelopingraincell with norainattheground

yet (i. e. � 2R2 �ÔS ), applicationof a - –� relationswould erroneouslydiagnose� 2R2 º�ÔS and

alsoa precipitationaccumulationon theground. In reality, rain will only reachthegroundat

later timesandwith a horizontaldisplacementdueto combinationof convectionandtransport
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by themeanwind profile. While a minor effectover largeareaswith homogeneousorography,

this horizontalshift canbecomeimportantover complex terrainwith smalldistancesbetween

neighboringriver catchments.This is even moreso due to the large horizontalgradientsof

reflectivity in convectiveclouds(cf. Zawadzki,1984).

5 Conclusions

This paperhasassessedtheeffectsof convective air motionanddensitystratificationon - –�
relations - �ú¯Ü� 
 widely usedin radarmeteorology. Both analyticalandmesoscalemodel

resultsshowedthatT vertical air motionsaswell asdensityvariationsaffect the prefactor ¯ of standard- –� relations,alteringboth its averagevalueandstandarddeviation. As a rule of thumb,

deepconvectionprimarily increases,anddensitystratificationsecondarilydiminishesthe

prefactorof average- –� relations,T concerningexponent¹ of - –� relationswithout influenceof deepconvection,thecase- ÈÅ� representsa lower boundfor hydrometeorspectrawith scalingdiameter� 2 �
constwhile anupperboundexistswith meanterminalvelocity ¤?�JQP 2R2 � const, leadingto- È�� � o % ,T theonly mechanismwhichcouldfurtheraltertheexponent¹ of - –� relationsis achange

in the terminal fall speedlaw, which in turn implies variationsof hydrometeortypeor

mixture. In particular, observed valuesof the exponentlarger ¹~�Å� u ^ arelikely to be

causedby hydrometeormixtures,T in thestatisticalmeanover thewholecloudvolume, - –� relationsoriginally proposed

for air at restandsealevel conditionsremainapplicableeven in the presenceof deep

convection,T the influenceof the vertical densitygradienton � canbe correctedfor usingthe stan-

dardatmospheredensitystratification,giving alsotheopportunityto improvequantitative

base–level rainfall estimatesat largerange( É s S�S km) from aradar,T for deepcumulusconvectionspatio–temporalvariationsof instantaneous- –� relations

maybeexplainedby convectivedrafts.However, althoughthesecoverasimilar rangeas
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variationsin statistical- –� relationsfor deepconvection,thelatterarevery likely to be

affectedby otherprocessesalso,T for morestratiformcloudswith smallervertical velocitiesandcloud depthsprominent

differencesamongempirical - –� relationslikely haveto beattributedto variationsof the

hydrometeorspectraor typesin differentsynopticsituationsor differentclimatological

regions.

Properclarificationhow theeffectsof horizontalconvective componentsanda meanenviron-

mentalwind profilecanbeincludedinto a radar–derivedprecipitationaccumulationovercom-

plex terrainin convectiveweathersituationsremainsanissuefor futureresearch.
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A Median diameters

In contrastto othercharacteristicdiametersof a hydrometeorspectrum,themediandiameters

with respectto either the total particlenumber( ��° ) or volume( � v ) areprobablythe most

robustspectralsizescales.With [ denotingtotalparticlenumberdensity, they aredefinedbym��1 2 ��������67�"� [ � / ! < 9;: m��1 2 �O�E���y�>=.67�"� 9WV� 8 (36)

For the U –functionof Eq. (2) thesequantitiescannotbeanalyticallyevaluatedexceptfor very

simplecases,e.g. for an exponentialsizedistribution ( `G� s
) the numbermedianis � °ï�	�
 �Õ� 2 . In general� ° and ��v mustbenumericallyevaluatedfrom0� 
�� 2 �ê| s � 
��� � °¥�_`ö� 
 � f� H ` � UW�_`ö�� /0� 
�� 2 �K| s � 
��� � vW�_`ö� 
 � f � =� H ` HIb � UW�_`aHNb;�� 8
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Obviously, ��vW��`ø�B�t� °¥�_`5H²b;� . Table1 shows thetwo mediandiametersfor several integer

valuesof ` . To averygoodapproximation,andprovided `äô s , � v canbewrittenas� vÊ·ï�{�F8 < ��H `ö��� 2 8
Using this result andEq. (9b), Kessler’s approachto substitutethe ¤?�JQP 2R2 relationby the fall

speedof asinglehydrometeorof diameter� v is easilyverified:¤?�JQP 2R2 �G? 2 UW�_` HIbgHI£��U]��` HIb;� � ��v�E�n8 < �BH�`ö�  ��� ¡ 8
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Tables

Table1: Numberandvolumemediandiametersfor variousvaluesof the shapeparameter̀ .

For definitionof � ° and � v seeEq. (36). Thenon–dimensionallocationof thespectralpeak�E��wyx{z / �qwyx{z}� is alsogiven.

` �qwyx{z[ 2 ��wyx{z� 2 � °� 2 � v� 2s 8�S s 8�S á s S 2 S«8¬S S«8 < ��b b«8 < ����F8�S �«8Û�aá s S h , s 8¬S s 8 < ��� ^&8 < � sbn8�S �n8Û�aá s S h , �n8¬S �n8 < �¾^ �n8 < ��S^«8�S s 8 s á s S h , b«8¬S b«8 < ��� < 8 < ��S�F8�S �n8 < á s S h = ^&8¬S ^&8 < � s �n8 <�< �< 8�S b«8 s á s S h = �n8¬S �n8 < ��S �«8 <�< ��F8�S s 8�� á s S h = < 8¬S < 8 < ��S �«8 <�< ��n8�S s 8Û�aá s S h = �n8¬S �n8 <�< � s S«8 <�< ��n8�S �«8Û�aá s S h % �«8¬S �«8 <�< � s�s 8 <�< �s Sn8�S < 8�S á s S h % �«8¬S �«8 <�< � s �n8 <�< �
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Figurecaptions

Figure1: Schematicrepresentationof differentrangesin slope¹ of - –� relationsderivedfrom

analyticalconsiderations.For relationsof theform - ��¯â� 
 thelower limit ¹g� s follows for

a constantdiameter� 2 . The light shadedrange
� s Æ×¹ Í � u �®� is seldomobservedbut not in

principleexcludedby theory. Themediumshadedrange
� � u �>ÆÃ¹âÆÃ� u ^�� , however, coversall

casesdependingon [ 2 andvaryingverticalvelocities ?�JQP 2R2 . Themostprobablerangefor the

exponent¹B� s 8����BÇGSn8�S;� is givenby thedashedline andthedarkshadedarea.An upperlimit¹B��� u ^ follows for ?�JQP 2R2 � const.

Figure2: Syntheticalradarcompositeof the modeledstorm: Projectionof maximumreflec-

tivities ontocartesianplanes,MAX_CAPPI–- . Lettersdenotethreedifferentstagesof cumu-

lonimbusdevelopment,a) 1220LST growth, b) 1230LST maturity, andc) 1245LST decay.

Light grey shadingshowstheclouddimensions,regionswith - ôG^;S dB- appearin darkgrey.

Stageb) beingthebasisof ourcasestudyhasbeenhighlightedfor clarity. A stationaryshallow

boundarylayer cloud (d) hasformed in the lee of the 500 m bell–shapedmountain(dashed

circularheightcontours)in thecenterof themodeldomain.

Figure3: - –� relationsin theKAMM modelstudyfor stagnantair, only includingtheeffectof

densityvariationsafterFoote& duToit (1969).Lettersatthecurvesindicaterain(r, H –symbol),

cloudwater(c, ó –symbol),andcloudice (i, ò –symbol).

Figure4: As Fig. 3, yet includingthesimplemixed–phaseprecipitationfall speedparameteri-

zationof Tartaglioneetal. (1996).Thisaddsanasymptoticbranch(s) to therain - –� relation,

correspondingto thecaseof snow / lumpgraupelwith ¤?�JQP 2R2 � constassumed.

Figure5: As Fig. 4, but also including any modeledconvective vertical motionswithin the

cumulonimbuscell andits precipitationat thepointof matureclouddevelopment,(b) in Fig. 2.

Figure6: � –9WV relationsunderthesameconditionsasin Fig. 5 for mixedphaseprecipitation

( H ), cloudwater( ó ), andcloudice ( ò ).
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